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1. Introduction

A mixture model is a powerful framework commonly

ABSTRACT

A mixture model in statistics is a powerful framework commonly used to estimate the
probability measure function of a random variable. Most algorithms handling mixture
models were originally specifically designed for processing mixtures of Gaussians.
However, other distributions such as Poisson, multinomial, Gamma/Beta have gained
interest in signal processing in the past decades. These common distributions are
unified in the framework of exponential families in statistics. In this paper, we present
three generic clustering algorithms working on arbitrary mixtures of exponential
families: the Bregman soft clustering, the Bregman hard clustering, and the Bregman
hierarchical clustering. These algorithms allow one to estimate a mixture model from
observations, to simplify such a mixture model, and to automatically learn the
“optimal” number of components in a simplified mixture model according to a
resolution parameter. In addition, we present JMEF, an open source Java™ library
allowing users to create, process and manage mixtures of exponential families. In
particular, JMEF includes the three aforementioned Bregman clustering algorithms.

© 2010 Elsevier B.V. All rights reserved.

The spread of mixture models implies to use algorithms
devoted to such mixtures (e.g. mixture simplification
algorithms). Most of these seminal algorithms were

used to estimate the probability measure function of a
random variable. For instance, the mixtures of Gaussians
have been widely used in many different application
domains including statistics, image and signal processing,
physics, biology, finance, etc. Let us consider a mixture
model f of n components. The probability density function
fevaluated at x € R? is given by

n

f=">" afix) (1

i=1

where f; is a statistical distribution and «; € [0,1] are the
normalized weights associated to the fs such that

E?:]aizl.
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specifically designed for mixtures of Gaussians since they
represent in practice the most commonly met mixture
models. However, the use of other distribution models such
as Poisson, multinomial, Gamma and Beta have gained
interest in signal processing in the past decades (cf. [1,2] for
non-Gaussianity of data sets). Usually, adapting the Gaus-
sian toolbox of standard algorithms to these newly met
distribution models is a laborious and complex task. The
exponential families are a wide class of distributions
including the most common distribution models: Gaussian,
Poisson, Laplacian, binomial, multinomial, Bernoulli,
Rayleigh, Beta, Gamma, etc. (cf. [3]). Based on these families,
we can define generic algorithms adapted not only to
mixtures of Gaussians, but adapted to the most common
mixture models.

Since the amount of algorithms processing mixture
models is quite large, we focus in this paper on
the clustering algorithms: soft/hard membership and
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2 V. Garcia, F. Nielsen / Signal Processing 1 (1ii) ma-am

hierarchical clusterings. Our first contribution is to
generalize those classical clustering algorithms to
arbitrary mixtures of exponential families using the
framework of Bregman divergences. Therefore, these
algorithms are, respectively, called Bregman soft cluster-
ing, Bregman hard clustering, and Bregman hierarchical
clustering. The Bregman soft clustering algorithm is the
adaptation of the expectation-maximization (EM)
algorithm allowing one to estimate the parameters of a
mixture of exponential families from a set of observation
points (random samples). The Bregman hard clustering
algorithm is the adaptation of the celebrated k-means
algorithm toward mixtures of exponential families and
Bregman divergence. This hard clustering algorithm
appears to be a very efficient mixture simplification
algorithm. The Bregman hierarchical clustering algorithm
creates a hierarchical mixture model from an initial
mixture of exponential families. This hierarchical mixture
model allows first to quickly simplify the initial mixture,
and second to automatically learn the optimal number of
components in the simplified mixture, according to some
resolution parameter.

Our second contribution consists in briefly introducing
the open source 3MEF library: a Java™ library for
Mixtures of Exponential Families. This cross-platform
library allows users to create, process and manage
mixtures of exponential families. In particular, jMEF
includes the implementations of the three described
Bregman clustering algorithms. The open source library
is freely available at http://www.lix.polytechnique.fr/
~nielsen/MEF.

The paper is organized as follows: Section 2 introduces
the theoretical background (Bregman divergence and
Bregman centroids) required in Section 3. Section 3
presents the Bregman soft, hard and hierarchical
clusterings with a brief introduction to the jMEF library.
Section 4 proposes some experiments with applications to
image processing, and compare our approaches to the
state of the art. Finally, Section 5 concludes the paper.

2. Exponential family and Bregman divergence

In this section, we introduce the theoretical
background required for the clustering part of Section 3.
First, we present in Section 2.1 the link existing between
the Kullback-Leibler (also known as the relative entropy)
and Bregman divergences. Second, we briefly introduce
(Section 2.2) the dual canonical parameterizations of
distributions belonging to an exponential family. Finally,
we present in Section 2.3 the concept of Bregman
centroids.

2.1. Relative entropy, exponential family, and Bregman
divergence

The fundamental measure between statistical
distributions is the relative entropy, also called the
Kullback-Leibler divergence (denoted by KLD, cf. [4,5]).
Given two distributions f; and fj, the KLD is an oriented

distance (asymmetric) and is defined as

fix)
70 dx

The relative entropy is not a metric but satisfies positive-
definiteness Dy (fllg) > 0 (called Gibb’s inequality in the
literature). If, for instance, f; and f; are two multivariate
Gaussian distributions parametrized by their respective
mean y; and w; and by their corresponding variance-
covariance matrix X; and X, the fastidious integral
computation of Eq. (2) leads to a closed form expression
of the KLD:

D (filf) = /‘f,»(x)log @)

1 2l 1 _
DKL(fiHj}') = ilog% + jtr(ZJ ]Zi)
1
1 - d
+ 5 (=) 2 (=) =5 3)

where |X| and tr(X) are, respectively, the determinant and
the trace operator. We can avoid the integral computation
using the canonical form of exponential families (cf. [6])

fe(x; ©) = exp{< O,t(x) > —F(@)+Kk(x)} 4

where @ are the natural parameters (see Section 2.2), and
t(x) the sufficient statistics. The log normalizer F(®) is
a strictly convex and differentiable function that
characterizes uniquely the exponential family, and the
function k(x) is the carrier measure. The classical distribu-
tions Gaussian, Laplacian, Poisson, binomial, Bernoulli,
multinomial, Rayleigh, Gamma, Beta, and Dirichlet are all
exponential families. For instance, let us consider the case
of a multivariate Gaussian distribution:

e 1 x=p" = =)
fsu2)= SRS exp( >

This distribution is an exponential family which can be
written in a canonical form (see Eq. (4)) by defining

(3)

0=0.0)=E""uix™" (6)
F(®)= %tr(@’] HHT)—%logl@l + glogn (7
t(x) = (x,—xx") 8)
k(x)=0 9)

where ® is a mixed-type vector/matrix parameter. The
computation of these expressions can be laborious and
prone to errors. Therefore, we have gathered in Nielsen
and Garcia [3] the decomposition as exponential families
(canonical form) of most classical distributions.

Interestingly, the relative entropy between two mem-
bers of the same exponential family is equal to the
Bregman divergence on the swapped natural parameters
and defined for the log normalizer F:

D (fillfj) = Dr(®;119;) (10
where
Dr(Q;110;) = F(©)-F(®)—(0;-0;, VF(0,) ) 1

In Eq. (11), ¢ -, - » denotes the inner product and V is the
gradient operator. In the case of mixed-type vector/matrix
parameters (e.g. Gaussian distributions), the inner
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product (®,,0, > is a composite inner product obtained
as the sum of two inner products of vectors and matrices

{0Op,Og> =<0Op,0q>+<0p,0q> (12)

where the inner product of vectors is the dot product
0p,0q> = 0;0q, and the inner product of two matrices is
defined by

(Op,04) =tr(0,0,)=11(0,40,) (13)

Thanks to this formalism, we can define a family of
algorithms suitable to any mixture of exponential
families.

2.2. Distribution parameters: dual canonical coordinate
systems

We now present an essential notion of convex analysis:
the Legendre-Fenchel transformation (informally called the
slope transformation). Any convex function F admits a dual
conjugate convex function F*:

Fr(x)= sgp{ X'\ xy—F(x)}

x' is called the dual variable. The supremum is reached at
the unique point where the gradient of G(x') = (x’,x> —F(X)
vanishes or, equivalently, when x' = VF(x). x and x' are
called dual parameterizations.

Thus a distribution fr belonging to an exponential
family can be equivalently parametrized by its source
parameters A, its natural parameters @, or by its dual
expectation parameters H (see [3]). The conversion
procedures from natural to expectation parameters (and
conversely) are the following:

H= VF(®) (14)
® = VF*(H) (15)

where F* is the dual Legendre of the log normalizer F, also
denoted by G=F* in the remainder.

For the sake of brevity, the conversion procedures from
source to natural parameters (and conversely) and from
source to expectation parameters (and conversely) for the
most classical distributions (exponential families)
are given in Nielsen and Garcia [3]. The algorithms
proposed/presented in this paper consider either natural
parameters or expectation parameters. The context
should be clear enough to avoid any confusion.

2.3. Bregman centroids

Given a set S of n weighted distributions parametrized
by their natural parameters

S = {{01,01},{02,03}, . . . .{0n, On}} (16)

the Bregman centroid (cf. [7]) is the point (parameter in
the natural coordinate system) minimizing the average
Bregman divergence with the distribution parameters of
S. Similarly to the Kullback-Leibler divergence, the
Bregman divergence is an asymmetric! measure. As a
consequence, we must consider three types of centroids:

! Right-sided, left-sided, and symmetric Bregman divergences.

right-sided centroid @k, left-sided centroid ®;, and
symmetric centroids @s, respectively, satisfying the
following equations:

Or= argmm Zoc,DF(G) 19) 17)

0,= argmm ZochF(G)HG),) (18)

Qs = argm@in%ZaiSDF(@,@,-) (19)
i%i

where SDf is the symmetric Bregman divergence given by

DF(OI‘HG)-O-DF(@HG)I‘)
2

The minimization of Eqgs. (17) and (18) provides closed-

form expressions for both right-sided and left-sided

centroids (see [7]):

SDr(©,0;) =

(20

reY Z,“l i

Or 5% 21)
= _ o [ 2% VF(©®y)

®,=VF <—Zi0‘i ) 22)

where VF* is the gradient of the dual Legendre of the log
normalizer F. The symmetric centroid does not have a
closed-form expression and has to be estimated from both
the right- and the left-sided centroids. Indeed, the
symmetric centroid ®s belongs to the geodesic link
between ®; and ®; (cf. [7]). The following equation
allows one to walk on this geodesic link

®, = VF*(AVF@®R)+(1-)VF(®))) (23)

where 4 € [0,1]. For 2 =0 we have @, =@/, and for =1
we have @; = @g. The symmetric centroid must verify the
following constraint:

SD£(@5,0r) = SDr(05,0)) (24)

A standard bisection search on the parameter A (cf.
Eq. (23)) allows to estimate in a few steps the parameters
of the symmetric centroid ®;s for a given precision.

The concept of Bregman centroid is somehow abstract
and need to be clarified. We give here a visual example in
order to help the reader grasp a good understanding of
those different types of Bregman centroids. We created a
set S of four univariate Gaussians with similar variance

= 6. The means of these Gaussians were, respectively,
set to u; =10, u, =20, pu3 =30, and p, =40. Then, we
computed from S the centroids @, ®;, and ®s. The
parameters of these centroids are reported bellow:

O =(u=250%=131)
O, =(u=25,02=6)

=(u=25,062=28)

Fig. 1 illustrates the four Gaussians of S as well as the
three computed centroids. First, the means of the three
centroids were all equal to 25. This is due to the fact that
the variance o2 was shared by the four Gaussians. Second,
the variance of the left-sided centroid is equal to the
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Fig. 1. Bregman centroids.

variance of the Gaussians of S (average of the variances).
The left-sided centroid is indeed called ‘“generalized
centroid”. On the contrary, the variance of the right-
sided centroid is very large, this centroid trying
to encompass the Gaussians of S (that is, to adhere
more to the support of all Gaussians). The variance of
the symmetric centroid is “between” the variances of the
right-sided centroid and the left-sided centroid.

As a consequence, the choice of the centroid
(i.e. Bregman divergence) used should depend on the
application: the left-sided centroid provides an average
distribution, the right-sided centroid provides an
encompassing distribution, and symmetric centroid
provides a trade-off between the right-sided and the
left-sided centroids.

3. Bregman clustering

The literature of clustering algorithms for mixture of
exponential families barely exists. As a consequence, this
section presents the state of the art as well as the
contributions of the paper. Some existing methods (soft
and hard clustering algorithms, Sections 3.1 and 3.2) are
presented and modified to fit our needs. The hierarchical
clustering (Section 3.3) is an original contribution, and
Section 3.4 presents the open source jMEF library
implementing these three clustering algorithms.

3.1. Bregman soft clustering

Proposed by Dempster et al. in 1977 (cf. [8]), the
expectation-maximization (EM) algorithm is an efficient
and widely used method to estimate the model para-
meters from a set of observations (e.g. points) by
maximizing the likelihood. EM is an iterative method
which alternates the expectation step (E-step) and the
maximization step (M-step). EM algorithm is also known
as soft clustering: each observation has a probability to
belong to each model.

The Bregman soft clustering, originally proposed by
Banerjee et al. [6], is the adaptation of the EM algorithm
allowing one to estimate the parameters of a mixture of
exponential families from a point set S (observations). As

in the classical EM algorithm, the Bregman soft clustering
starts with an initialization step and then alternates the
E-step and the M-step. The process stops if the increase in
likelihood is smaller than a given threshold or if the
number of iterations is greater than a user prescribed
value.

Initialization step: The initialization step computes an
initial mixture of exponential families from the set of
observations. This initial mixture is indeed needed in the
first call of the E-step. First, the points (observations) are
gathered into n subsets Si,...,Sp using a classical
k-means algorithm (cf. [9] and Section 3.2). The weight
o; and the expectation parameters H; of the jth mixture
component are given by

_1Sjl
o= 5] (25)
H ! 26
=5 D ) (26)
T ilx;eS;)

where |S;| denotes the cardinality of the subset S; and t(x)
is the sufficient statistic. (This is because the maximum
likelihood estimator for an exponential family of a set of
i.i.d. observations is provably the center of mass in the
expectation coordinate system. This point is called
the observation point in information geometry. Note that
to estimate the H expectation parameter, we only
rely on the sufficient statistics aggregating compactly all
information contained in the observation sample, hence
its name.)

E-step: The E-step consists in computing the prob-
ability p(iyj) that the observation x; has been generated by
the jth distribution

oexp(—Dg(t(x;),Hj))exp(k(x;))
SoI- 1 uexp(—Dg(t(x;),Hp)exp(k(x;))

where k(x) is the carrier measure and Dg(,,-) is the
divergence associated with G=F* (dual Legendre of the
log normalizer F) given by

D¢(pllq) = G(p)—G(@)—<p—4q,VG(q) > (28)

However, the computation of p(i,j) as proposed in Eq. (27)
implies to compute G(t(x;)) which is equal to —1log0 in

27)

p@j) =
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the case Gaussian distributions. To solve? this problem,
we simply expand Eq. (28) to Eq. (27). We then factorize
and simplify G(t(x;)) in both numerator and denominator.
Thus, p(ij) is given by

o;exp(G(H))+ < t(x;)—H;, VG(H;)) >)
1= 1 uexp(G(H) + t(x)—H;, VG(H)))
M-step: Then, based on p(i,j), the M-step computes the

weight and distribution parameters of the jth distribution
as follows:

(29

1R
%= D Pl (30)

i=1

H = ie 1 PODIX) a1)
>oi—1P())
The difference here with the original work (cf. [6]) is
first the modification of Eq. (27) into Eq. (29), and second
the adaptation of the algorithm for mixtures of exponen-
tial families. Although small, the contribution of this
section is fundamental (if not crucial) to estimate the
parameters of any mixture of exponential families
(including the familiar Gaussian distributions) from a
given point set.

3.2. Bregman hard clustering

Let f be a mixture model of n components:

n
fe=">" afix) (32
i=1

A mixture simplification algorithm consists in computing,
from the initial mixture f, a simpler mixture g of m
components with 0 <m<n such that g is the best
approximation of f. The simplification allows one to avoid
the fastidious estimation (in terms of computation time)
of g from the initial observations, to speed-up the
computation of statistical measures, or to compare
mixtures of different size [10]. In this section, we present
a simplification algorithm adapted for mixtures of
exponential families [11].

The k-means algorithm [9], also known as Lloyd’s
algorithm or hard clustering algorithm, is a method of
cluster analysis which aims to partition a set of observa-
tions S (e.g. points) into k clusters (subsets) Sy,...,Sk,
each cluster being determined by its centroid. The
k-means algorithm alternates an assignment step, which
assign points to the cluster with the closest centroid, and
an update step, which update centroids from the point
repartition. The original Bregman hard clustering
algorithm [6] is the adaptation of the k-means algorithm
towards exponential families. Here, we improve this
method and define a fast simplification method for
mixtures of exponential families.

2 We thank Banerjee (cf. [6]) for acknowledging the problem and
email correspondences concerning this matter. Indeed, in Banerjee et al.
[6], the authors consider a compact “equivalent” expression of
exponential families: exp({x,0»—F(0)).

A mixture of exponential families f can be considered
as a set S of n weighted distributions parametrized by
their natural parameters:

S={{01,01},...,{0tn, On}}

The Bregman hard clustering consists in computing from
S a set of m weighted distributions C; = {%;,©;}, for j in
[1,m], called centroid. The value m is usually user defined
and depends on the application requirements. However,
this value can be learnt from the initial mixture as
presented in Section 3.3. Recall that the Bregman
divergence is an asymmetric measure. As a consequence,
three versions of the Bregman hard clustering are
considered, respectively, based on the right-sided, left-
sided, and symmetric Bregman divergences. We present
below the Bregman hard clustering based on the right-
sided Bregman divergence. Indeed, the adaptation to the
left-sided and to the symmetric Bregman divergences is
trivial. As in the classical k-means algorithm, the Bregman
hard clustering starts with an initialization step and then
alternates the assignment and the update steps (centroid
relocation).

Initialization step: The first step of the algorithm
initializes the m clusters &; by initializing the m centroids
G= {&1,61-} for j in [1,m]. The simplest method consists in
randomly picking m weighted distributions among S, the
m centroids having to be different from each other
(different distribution parameters). This makes sure that,
after the assignment step, no cluster will be empty.

Recently, Arthur and Vassilvitskii (cf. [12]) proposed
the k-means+ algorithm which optimizes the centroid
initialization based on a random technique. The experi-
mentations proposed by the authors show that their
approach improves both the speed and the accuracy of k-
means. The k-means+ algorithm can be easily adapted to
mixture of exponential families and Bregman divergence.
Indeed, the classical distance (usually square Euclidean
distance) is simply replaced by the Bregman divergence.

Assignment step: Given a set of m centroids G = {@;,0;}
for j in [1,m], the assignment step assigns each weighted
distribution {a;,®;} cluster with the closest centroid. For
instance, the distribution {e;, ®;} belongs to the cluster S;
if and only if

Dr(®19;) < Dp(®;1®)), ¥l e[1,m]. (33)

Update step: The parameters of the centroid G are
updated from the distributions belonging to S;. Actually,
G; is the right-sided Bregman centroid of the cluster S; as
presented in Section 2.3. The weight o; is the sum of the
weights belonging to S;:

o= Z_%- s.t. {0,09:} € Sj G
1

The algorithm alternates assignment and update steps
until the assignment step no longer changes.

The extension of the Bregman hard clustering to
left-sided Bregman divergence (resp. symmetric Bregman
divergence) is obtained by replacing the right-sided
Bregman divergence (initialization and assignment steps)
and the right-sided centroid (update step), respectively,
by the left-sided Bregman divergence (resp. symmetric
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Bregman divergence) and by the left-sided centroid (resp.
symmetric centroid).

As mentioned before, the output of the algorithm is a
set of centroids (weighted distributions) G;. This set can be
considered as a mixture of exponential families g. It turns
out that g is a simplified version of the initial mixture f.
Thus, applied in the context of mixture simplification, the
Bregman hard clustering appears to be a very efficient
method both in terms of quality and computation time.
Indeed, experiments (cf. Section 4.5) report that the
Bregman hard clustering compare favorably to the state
of the art UTAC algorithm (cf. [13]). One major drawback
of the UTAC method is that it requires to compute the
eigenvectors of the covariance matrices, a highly time-
consuming operation.

3.3. Bregman hierarchical clustering

In this section, we propose a new method which (1)
provide a hierarchical representation of an initial mixture
of exponential families f, (2) allow to quickly simply finto
a mixture of an arbitrary size m, and (3) learn the optimal
value of m.

In the context of cluster analysis, hierarchical clustering
is a set of methods consisting in building a hierarchical
clustering of a set of objects (e.g. points). Hierarchical
clustering is generally subdivided into two categories:
agglomerative methods and divisive methods. In this
paper, we will only consider the agglomerative methods.
Let S be a set of objects and let {S;,S5,...,S;} be a
partition of S such that >°7_, |S;| = |S| where |S;| denotes
the cardinality of S;. The first step of the algorithm
determines the two closest subsets S; and S, relatively to
a distance D(.,.), among the n(n—1) possible combina-
tions. The second step merges the subsets S; and S; into a
single subset. The algorithm usually starts with subsets
containing one object (if |S| =n, then the initial partition
contains n subsets) and alternates the first and the second
steps until having a single set equal to S. The initial
subsets and the way these subsets were merged are
stored into a hierarchical structure called dendrogram. The
distance D(.,.) between subsets, also known as linkage
criterion, determines the order of the subset merging. Let
A and B be two sets of objects (e.g. points) and let d(.,.) be
a distance between two objects (e.g. the Euclidean
distance). Table 1 presents the three most classical
linkage criteria: the minimum, the maximum, and the
average distances.

The Bregman hierarchical clustering algorithm is the
instantiation of the hierarchical clustering to the case of
mixtures of exponential families and Bregman divergence.

Table 1
Classical linkage criteria: minimum, maximum, and average distances.

Criterion Formula

Minimum distance
Maximum distance
Average distance

Dmin(A,B) = min{d(a,b)|a € A,b € B}
Dmax(A,B) = max{d(a,b)|a € A,b € B}

1
Dav(A,B) = WZ%A Y bepd(@,b)

As for the Bregman hard clustering algorithm, we consider
a mixture of exponential families f as a set of n weighted
distributions:

S={{01,01},...,{00,0On}}

Similarly to the classical algorithm, the initial clusters
contain each one a weighted distribution {¢;,®;}. In the
step one, the distance d(..) is then replaced by the
Bregman divergence to compute the linkage criterion.
Then, step two is a classical merging procedure. Keeping
in mind that the Bregman divergence is an asymmetric
measure, we can define three different Bregman
hierarchical clusterings. The use of a symmetric measure
(symmetric Bregman divergence) seems to be more
appropriate since all considered weighted distributions
belong to the same mixture of exponential families.
However, a non-symmetric measure can be used as well.
This will be discussed later on.

The proposed algorithm creates a hierarchical struc-
ture (dendrogram), called hierarchical mixture model,
containing the weighted distributions and the informa-
tion relative to the subset merging. Interestingly, this
structure allows one to quickly compute a simpler
mixture g with an arbitrary number of components. We
define the mixture of resolution r as the mixture g of r
components

;
g=>Y Big 35)
j=1

builds from the r subsets Si,...,S; remaining after the
iteration n—r of the Bregman hierarchical clustering
algorithm, subsets extracted from the hierarchical
mixture model. The parameters of the jth component
are computed from the weighted distributions belonging
to the subset S;. The distribution g; is the centroid (right-
sided, left-sided, or symmetric centroid) of the subset S;
(cf. Section 2.3). The weight f; is computed as

Bi=> o st {2,0;)es; 68

Section 4.6 will show that this mixture simplification
process is almost instantaneous. Since all the combina-
tions are considered during the first step of the algorithm,
the two subsets selected to be merged are the same using
either the right-sided or the left-sided Bregman
divergence. As a consequence, the hierarchical mixture
model is strictly the same with both left- and right-sided
Bregman divergences. However, the mixture simplifica-
tion based on the hierarchical mixture model depends on
the divergence chosen since the right-sided and left-sided
centroids are different. The hierarchical mixture model
built using the symmetric Bregman divergence is different
from the one built using a sided Bregman divergence.
Moreover, the use of a symmetric measure allows to
speed-up the step one of the algorithm (selection step) by
considering n(n—1)/2 couples of subsets instead of
n(n—1).

The hierarchical mixture model gathers into a same
structure all the possible resolutions (from 1 to n). This
hierarchical structure allows us to introduce a new
method to automatically learn the optimal number of
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components in the simplified mixture g. The notion of
optimality is relative to the two following constraints that
the proposed method must satisfy:

1. g has to be as compact as possible,
2. g must reach a minimum prescribed quality
Du(f.g) <7,

where Dy (fllg) is here the Kullback-Leibler divergence
estimated by a Monte-Carlo method since it does not
admit a closed-form expression for mixture of exponential
families. The minimum quality 7 is a user defined
parameter. Indeed, any learning method is based at least
on one parameter and constraining the mixture quality
instead of constraining the number of components is the
most appropriated approach.

The learning process is based on the following
assumption (verified in practice): the simplification
quality increases (Dy.(f,g) decreases) with the resolution
(see Fig. 10). Therefore, a standard binary search
algorithm on the resolution allows one to quickly learn
the optimal number of components m in the simplified
mixture.

3.4. jMEF: Java library for mixtures of exponential families

In this section, we briefly introduce jMEF.2 jMEF is a
cross-platform Java™ library designed to create, process
and manage mixtures of exponential families. To be more
specific, MEF allows one to:

e create and manage mixtures of exponential families,

e estimate the parameters of a mixture of exponential
families using Bregman soft clustering (cf. Section 3.1),

e simplify mixtures using Bregman hard clustering
(cf. Section 3.2),

e define a hierarchical mixture model using the Bregman
hierarchical clustering (cf. Section 3.3),

e and automatically retrieve the optimal number of
components in the mixture using the hierarchical
mixture model (cf. Section 3.3).

The source code is available on-line at http://www.lix.
polytechnique.fr/ ~nielsen/MEF and is licensed under an
open source MIT License (a Matlab® wrapper is also
available). The experiments presented in Section 4 were
based on a code entirely written using the jMEF library. As
a consequence, these experiments are reproducible, and
are provided as self-contained tutorials of this library.

4. Experiments
4.1. Introduction and setup
All the procedures used in the following experiments

were written using the jMEF library presented in Section
3.4. The computer used was a Dell Precision M6400 laptop

3 Java library for Mixtures of Exponential Families.

(Intel Core 2 duo at 2.53GHz, 4Go DDR2 memory,
Windows XP 32 bits, Java 1.6).

4.2. Bregman soft clustering

The first experiment is similar to an experiment
proposed by Banerjee et al. [6]. We created three mixtures
of exponential families, each mixture having three
components:

e Mixture of Gaussian distributions with g, =10,
Uy =20, p3 =40, and 62 =03 = 03 = 25.

e Mixture of Poisson distributions with 4; =10, 4, =20,
A3 =40.

e Mixture of binomial distributions with p;=0.1, p,=0.2,
p3=0.4 and the number of trials n=100.

The mixtures were created to be similar in shape with
distributions, respectively, centered on 10, 20 and 40. The
distributions’ weight was set to o= 1 for all the mixture
distributions. We randomly drew 1000 points from each
mixture that we stored in three different tables (one for
each mixture). For each point set, we estimated a mixture
of Gaussian distributions, a mixture of Poisson distribu-
tions, and a mixture of binomial distributions using the
proposed Bregman soft clustering algorithm. The max-
imum number of iterations of the Bregman soft clustering
was set to 30. The quality of the clustering was measured
in terms of normalized mutual information (denoted NMI,
cf. [14]) between the predicted clusters and original
clusters. The NMI is equal to 1 is the two clusters are
similar, and is close to O if they are mostly different. The
results were averaged over 100 trials. A point assigned to
one class (highest distribution value) for the generative
mixture can indeed be assigned to another class for
the estimated mixture. Table 2 presents the NMI for the
different possible combinations. We can see that the
clustering quality is better when the mixture model
estimated using the Bregman soft clustering algorithm
matches the generative mixture model.

This experiment first confirms the experiment of
Banerjee et al. [6] and second validates the jMEF code.

4.3. Bregman soft clustering and statistical images

Mixtures of Gaussians are, by far, the most often used
mixture models. In this experiment, we show that we can
roughly describe an image (visual representation) using a

Table 2
Normalized mutual information (NMI) between the original cluster and
the estimated clusters.

Generative Gaussian Poisson Binomial

model

Gaussian 0.9148 + 0.0615 0.8752 +0.0687 0.8980 + 0.0706
Poisson 0.7374 +0.0577 0.8364 +0.0818 0.8114 + 0.0723
Binomial 0.8555+0.0456 0.9503 + 0.0446 0.9526 + 0.0474

The rows correspond to different generative models and the columns to
the estimated models.
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8 V. Garcia, F. Nielsen / Signal Processing 1 (1ii) ma-am

Fig. 2. Application of Bregman soft clustering to statistical images. Input images (first row) are (from left to right) Baboon, Lena, Shantytown, and
Colormap. The second row illustrates the mixtures of Gaussians estimated from the input images. The third row shows the statistical images generated

from mixtures of Gaussians.

compact mixture of Gaussians. A typical application of
such a representation is color image retrieval.

Given an input image (see Fig. 2, first row), we
considered a pixel p as a point in a five-dimensional space

P = (Dr.DG.PB.Px-Py)"

where {pg, pc, ps} represent the RGB* color information of
the pixel, and {px, py} are spatial information (the position
of the pixel, respectively, the column and the row index).
Each input image contained 65 536 pixels (image size 256
x 256 pixels). Using the Bregman soft clustering on the
set pixels, we estimated a mixture of Gaussians f of 32
components. As presented below, the value 32, chosen
arbitrary, allowed to capture the image structure and
provided a relatively compact mixture model. However,
another value could have been chosen instead.

Each Gaussian distribution of the estimated mixture
was parametrized by its mean

1= (U o s s 1) T

and its covariance matrix X. The second row of Fig. 2
illustrates the estimated mixture for each input image.
Each distribution is represented by an ellipse centered on
{1ty tty}. The color of the ellipse is {ug,Uc, 15} in the RGB
colorspace and its shape is determined by the covariance
matrix X. The input images were Baboon, Lena, Shanty-
town, and Colormap. At this stage, the fact that an image
can be represented by a mixture of Gaussians is not clear

4 RGB: color components red, green, and blue.

yet. Then, we filled an empty image of size 256 x 256
pixels with pixels p randomly drawn (color+position)
from the estimated mixture, each point being rounded to
the nearest neighbor such that p < [0,255]°. Points out of
range were simply ignored. In order to have a smooth
result, we drew points from f until having at least 20
sample points by pixel position {px,py}. The color value of
the statistical image pixel at the position {px,py} was the
average color value of the drawn points at the same
position. The resulting image is called statistical image
since it was generated from a mixture of statistical
distributions. The third row of Fig. 2 illustrates the
statistical images for the input images. One can roughly
recognize image Baboon, Lena, and Shantytown. The main
structure of the images was captured® by the mixtures
such as, for instance, the nose and the cheeks of Baboon,
and the hat of Lena. The statistical image generated from
Colormap was a very precise representation of the initial
image. Indeed, Colormap is, by definition, a statistical
image. It does not have well defined structures as in
natural images but the probability of a color appearance
at a given position is well captured by the mixture
components.

The proposed experiment shows that the image
structure can be captured into a mixture of Gaussians.
The image is then represented by a small set of
parameters (in comparison to the number of pixels)
which is well adapted to applications such as color image

5 As expected, high-frequencies of edges are not revealed.

Please cite this article as: V. Garcia, F. Nielsen, Simplification and hierarchical representations of mixtures of
exponential families, Signal Process. (2010), doi:10.1016/j.sigpro.2010.05.024

71

73

75

77

89

91

93

95

97

99

101

103

105

107

109

111

112

113

114

115

116


dx.doi.org/10.1016/j.sigpro.2010.05.024

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

47

49

51

53

55

57

59

61

V. Garcia, F. Nielsen / Signal Processing 1 (11i1) - 9

retrieval. Considering an input image represented by its
mixture of Gaussians, it is then trivial to retrieve, in an
image database, a set of images that have a similar color
organization.

One can ask why the RGB colorspace has been chosen
here since other colorspaces such as YUV or Lab are
known to be more suited to image processing? The use of
such a colorspace implies to write conversion procedures.
Using the RGB colorspace, we have been able to clearly
present statistical images without increasing the code
complexity.

4.4. Mixture simplification applied to image segmentation
In this experiment, we use the Bregman hard cluster-

ing (cf. Section 3.2) to simplify mixtures of Gaussians in
the context of clustering-based image segmentation. Let f

Baboon
10 - -
—+— Right-sided
9 Left-sided
8 Symmetric (]
7 L
—~ 67
3
= 5
X
a 4
3 L
2t
1
O L L L i f T T
2 4 6 8 10 12 14 16
m
Shantytown
10 : - - -
—+— Right-sided
9 Left-sided
8 Symmetric (]
7 L
~ 67
=4
S st
X
o 4|
3t
2t
1
O L L L L L L f

be a mixture of Gaussians of n components in a three-
dimensional space. Given a color image I, a pixel p is here
considered as a point in R3

p=(Pr.pc.Ps)"

where pg, pg, pg are the RGB color information. The image
segmentation is performed by assigning each image pixel
p to the class C; having the highest density value:

fip) > fi(p),  vj € [1,n]\{i}

Then, the image segmentation is illustrated by replacing
the color value of the pixel p by the mean y; of the
Gaussian f;.

Given an input image, the first step of this experiment
was to estimate, using the Bregman soft clustering
algorithm, an initial mixture of Gaussians f of 32
components from the image pixels. Second, we simplified
f using the Bregman hard clustering into a mixture of

Lena
10 - -
—+— Right-sided
o Left-sided
8 | Symmetric (]
7 L
~ 6g
e
< s
X
o 4
3 L
2 |
1
0 L L L L i n T
2 4 6 8 10 12 14 16
m
Colormap
30 T T
—+— Right-sided
——— Left-sided
25 ¢ Symmetric
20
°
= 15 |
X
o
10 t
5 L
O L L L L L L f

2 4 6 8 10 12 14 16
m

Fig. 3. Evolution of the mixture simplification quality Dy, (f,g) as a function of number m of components in the simplified mixture and for the right-sided,

left-sided, and symmetric Bregman hard clustering algorithms.
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Gaussians g of m components with m={1,2,4,8,16}.
More specifically, we simplified f with the right-sided,
left-sided, and symmetric Bregman hard clustering algo-
rithms. Fig. 3 shows the evolution of the simplification
quality as a function of m and for the three mentioned
Bregman hard clustering algorithms. The input images
were Baboon, Lena, Shantytown, and Colormap. The
simplification quality is given by the Kullback-Leibler
divergence D, (f,g) estimated by a Monte-Carlo method.
Five thousand points were randomly drawn to estimate
Dii(f.g). The simplification quality increased (Dgi(f.g)
decreased) with m whatever the Bregman divergence
used. Indeed, the quality of the approximation of the
initial mixture f increases with the number of Gaussians
in the simplified model g. Second, the left-sided Bregman

divergence gave the best results and the right-sided the
worst. Indeed, estimating the left-sided Bregman divergence
on natural parameters amounts to estimate the right-sided
Kullback-Leibler divergence on distributions. Since the
simplification quality measure is the right-sided Kullback-
Leibler divergence, obtaining the best simplification with the
left-sided Bregman hard clustering was then the expected
behavior. The symmetric Bregman hard clustering provided
better results than the right-sided one but worse than the
left-sided one since it is computed from right-sided and left-
sided Bregman divergences and centroids.

Fig. 4 illustrates the mixture simplification, based on
the left-sided Bregman hard clustering, in the context of
image segmentation. The number of classes is, by
construction, equal to the number of components

Fig. 4. Illustration of the mixture simplification using the left-sided Bregman hard clustering algorithm in the context of clustering-based image
segmentation. The value m denotes the number of components in the simplified mixture. The initial mixture contained 32 components (last row).
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Fig. 5. Evolution of the segmentation quality (PSNR) as a function of number m of components in the simplified mixture and for the right-sided, left-

sided, and symmetric Bregman hard clustering algorithms.

m in g The visual quality of the image segmentation
(visual similarity with the input image) increases m.

Fig. 3 clearly indicates that, according to Dy (f.g), the
left-sided Bregman hard clustering is a more efficient
mixture simplification method than both the right-sided
and symmetric Bregman hard clusterings. However, one
can ask what is the influence of the method on the image
segmentation? Since there is no ground-truth on image
segmentation, we propose to use the classical PSNR®
measure between the initial image and the segmented
image to evaluate the segmentation quality. Fig. 5 shows
the evolution of this segmentation quality as a function of
m for the right-sided, left-sided, and symmetric Bregman
hard clustering algorithms. For the three natural images

6 Peak Signal-to-Noise Ratio.

(Baboon, Lena, and Shantytown), it appears that,
according to the segmentation quality, the right-sided
and the symmetric Bregman hard clusterings provide a
better mixture simplification than the left-sided Bregman
hard clustering. Indeed, in the context of image
segmentation, it is natural to represent a set of
Gaussians by an encompassing Gaussian. As presented
in Section 2.3, the right-sided and the symmetric
centroids try to encompass the set of distributions while
the left-sided centroid is simply an average distribution.
Thus, the right-sided and the symmetric Bregman hard
clusterings are more adapted to image segmentation than
the left-sided Bregman hard clustering. The image
Colormap is a special case since it is, by definition, a
statistical image. In this case, the left-sided Bregman hard
clustering provides the best segmentation (and the right-
sided one the worst).
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We conclude this experiment by studying the computa-
tion time of the proposed mixture simplification method.
The main goal of the mixture simplification algorithms is to
reduce the computation time by avoiding to recompute a
simpler mixture from the initial point set. Let S be a set of
5000 points in a five-dimensional space, and let f be a
mixture of 32 Gaussians estimated from S using the
Bregman soft clustering. The estimation of a simpler
mixture g of 10 components from S (soft clustering) is
performed in 138s while the simplification of f using the
Bregman hard clustering is performed in 694 ms (200 times
faster). The speed-up depends on size of the point set, on the
mixture size, and on the dimension.

4.5. Mixture simplification: comparison with state of the art

Goldberger et al. proposed a fast mixture of Gaussians
simplification algorithm (cf. [13]) named UTAC (unscented
transform approximation clustering) based on the
unscented transform (UT) method (cf. [15,16]). The UTAC
algorithm proceeds by maximizing the UTA (unscented
transform approximation of the negative cross-entropy)
criterion computed between the initial mixture f and the
estimated mixture g. The authors show that the UTA
criterion can be maximized with a standard EM-like
algorithm. UTAC is, as far as we know, the most efficient
mixture simplification algorithm (yet) both in terms of
quality and computation time.

In this section, we compare the UTAC algorithm to the
proposed Bregman hard clustering for simplifying mixtures
of Gaussians. Given an input image, we learnt a mixture of
Gaussians f of 32 components as presented in Section 4.4.
The value 32 was arbitrary chosen: this value is large
enough to show the algorithm behavior and is small enough
to have fast computation. We then simplified f into a
simpler mixture of Gaussians using the algorithms UTAC
and left-sided Bregman hard clustering. Fig. 6 presents the
evolution of the simplification quality as a function of m

Baboon

1.5

—+— Bregman hard clustering

Dy (f.9)

(number of Gaussians in the simplified mixture) for both
algorithms. The input images used for this experiment were
Baboon and Lena. The Bregman hard clustering and the
UTAC algorithms provided a simplified mixture of similar
quality. However, the Bregman hard clustering was faster
than the UTAC algorithm. For instance, let us consider a
mixture f of 100 Gaussians in a five-dimensional space, the
simplification into a mixture of 10 components is performed
in 6275 ms using UTAC and in 694 ms using the Bregman
hard clustering (9 times faster than UTAC). The speed-up
depends on the mixture size and on the dimension.
In both algorithms, the maximum number of iterations
was set to 30.

To summarize, the proposed Bregman hard clustering
provides a mixture simplification similar to the one
computed by the UTAC algorithm. However, the proposed
mixture simplification method is faster than UTAC, and is
generic as it applies to any mixture of exponential
families.

4.6. Hierarchical mixture model applied to image
segmentation

The Bregman hierarchical clustering (cf. Section 3.3)
allows first to simplify a mixture of exponential families,
and second to automatically learn the optimal number of
components in the mixture model. In this section, we
study the effect of the linkage criterion (Section 4.6.1) and
of the Bregman divergence type (Section 4.6.2) on the
simplification quality. Then, we compare the computation
time of the Bregman hard clustering and of the Bregman
hierarchical clustering to simplify a given mixture model.
Finally, we used the method described in Section 3.3 to
learn the optimal number of components in the mixture
model.

The initial mixture of Gaussians used in this section are
composed of 32 and are estimated form the images
Baboon, Lena, Shantytown and Colormap (cf. Section 4.4).

Lena

14

—+—— Bregman hard clustering
12 | === UTAC

Dy (f.9)

=
~~~~~~
‘‘‘‘‘‘
‘‘‘‘‘

Fig. 6. Evolution of the mixture simplification quality Dy, (f,g) as a function of m for algorithms UTAC and left-sided Bregman hard clustering.
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4.6.1. Linkage criterion

Given an initial mixture f, we built three hierarchical
mixtures of Gaussians using the left-sided Bregman
hierarchical clustering, the three hierarchical mixtures
being, respectively, based on the minimum, the max-
imum, and the average distances as linkage criterion. We
deduced from these hierarchical mixtures three simplified
mixture models for different resolutions. Fig. 7 shows the
evolution of the simplification quality as a function of the
resolution and for the three hierarchical mixtures of
Gaussians. The maximum and average distances provided

1.5 : : :
2 ——— Minimum distance
Maximum distance
Average distance
1 ]
33
W
=
X
[a)
0.5 1
0 L " " " L ——
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Resolution
Fig. 7. Evolution of the simplification quality Dy (f,g) as a function of the

resolution. The linkage criteria used to built the hierarchical mixture
models are the minimum, the maximum, and the average distances.
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Fig. 8. Evolution of the simplification quality D (f,£) as a function of the
resolution and for the right-sided, left-sided, and symmetric Bregman
hard clustering algorithms.

a better mixture simplification method (lower Dy (f.g))
than the minimum distance. Indeed, the maximum and
average distances are known to be more reliable and more
robust to outliers than the minimum distance. In the
paper remainder, we will use the maximum distance to
build any hierarchical mixture model.

4.6.2. Bregman divergence type

Given an initial mixture f, we built three hierarchical
mixture of Gaussians, respectively, using the right-sided, the
left-sided, and the symmetric Bregman hierarchical cluster-
ing. We deduced from these hierarchical mixtures three
simplified mixture models for different resolutions. Fig. 8
shows the evolution of the simplification quality as a
function of the resolution and for the three mentioned
Bregman hierarchical clustering algorithms. The simplifi-
cation quality increased (D (f,g) decreased) with resolution
whatever the Bregman divergence used. Moreover, the left-
sided Bregman hierarchical clustering is the most efficient
(in terms of quality) method and the right-sided one is the
worst one (see Section 4.4 for explanation). Fig. 9 illustrates
the mixture simplification, using the left-sided Bregman
hierarchical clustering, applied to image segmentation. The
visual quality of the image segmentation increases with the
resolution.

4.6.3. Computational time

By comparing Figs. 3 and 8, one can notice that the
simplification quality is similar using the Bregman hard
clustering and Bregman hierarchical clustering. However,
even if the mixture simplification process is fast using the
Bregman hard clustering, it is almost instantaneous using
Bregman hierarchical clustering. For instance, let us
consider a mixture f of 100 Gaussians in a five-dimen-
sional space, the simplification into a mixture of 10
components is performed in 694 ms using the Bregman
hard clustering and in 2 ms using the Bregman hierarch-
ical clustering. The construction of the hierarchical
mixture model (87s in this experiment) has not been
taken into account since this process is usually done off-
line.

4.6.4. Learning of the optimal mixture model

In Section 3.3, we have presented a method to
automatically learn the optimal number of components
in a given mixture of exponential family. Given an initial
mixture of Gaussians f learnt from an input image, we
built a hierarchical mixture model h using the left-sided
Bregman hierarchical clustering. We set the constraint on
the minimum quality T = 0.2. Fig. 10 shows the evolution
of the simplification quality as a function of the number of
components m (i.e. resolution) and for the images Baboon,
Lena, Shantytown, and Colormap. We plotted on the same
figure the threshold 7=0.2 (magenta horizontal solid
line). The learning process provided a mixture of 10
components for Baboon, 14 components for Lena, 16 for
Shantytown, and 23 for Colormap (see Fig. 11).

The learning process is not a fast method since it is
based on a Monte-Carlo method. For instance, given a
mixture f of 100 Gaussians in a five-dimensional space,
the optimal mixture model is computed in 35s: more
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N.

Fig. 9. Bregman hierarchical clustering (left-sided) and application to image segmentation. The value m denotes the resolution which is equal to the
number of components in the simplified mixture. The maximum resolution contained 32 components (last row).

than 99% of the computation time was used to esti-
mate the Kullback-Leibler divergence from 1000 sample
points.

To summarize this experiment, the Bregman hierarch-
ical clustering allowed to efficiently (quality and
computation time) simplify a given mixture of Gaussians
or a mixture of exponential families. Using the maximum
or the average distance as linkage criterion, the Bregman
hierarchical clustering provided a simplification quality
similar to the Bregman hard clustering. Finally, the
learning process seemed to be an efficient method
(in terms of quality) to retrieve the optimal number of
components in the simplified mixture model.

5. Conclusion

The exponential family is a wide class of distributions
including, among others, Gaussian, Poisson, Laplacian,
binomial, multinomial, Bernoulli, and Rayleigh distribu-
tions. In this paper, we have presented three clustering
algorithms adapted to mixtures of exponential families:
the Bregman soft clustering, the Bregman hard clustering,
and the Bregman hierarchical clustering.

The Bregman soft clustering algorithm is the adapta-
tion of the expectation-maximization (EM) algorithm
allowing one to estimate the parameters of a mixture of
exponential families from a set of observation points. Our
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Fig. 10. Evolution of the simplification quality Dy (f,g) as a function of the resolution. The horizontal line is the threshold on the minimum simplification

quality set to 7=0.2.
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Fig. 11. Automatic learning of the optimal number of components in the simplified mixture. The threshold on the minimum simplification quality was

t=0.2.

algorithm wuses the most generic canonical form of
exponential families, and thus bypasses a technical
difficulty (i.e., degeneracy occur for some mixtures
including Gaussian mixtures in the work of Banerjee
et al. [6]). In particular, it has been shown that, using
this algorithm, an image can be represented (color
organization) by a compact mixture of Gaussians. Such a
statistical image representation could be very useful in
various applications such as color image retrieval.

The Bregman hard clustering algorithm is the
adaptation of the celebrated k-means algorithm to
the case of mixtures of exponential families, relying on
the fact that the relative entropy of members of the same
exponential family is equivalent to a corresponding
Bregman divergence. The proposed method is slightly
but importantly different from the original version (cf. [6])
since it is suitable to weighted distributions. Thus, by
considering a mixture of exponential families as a set of
weighted distributions, the Bregman hard clustering
appears to be a very efficient mixture simplification
algorithm. Indeed, this algorithm provides a similar
mixture simplification quality in a shorter computation
time than the state of the art UTAC algorithm (cf. [13]).

The Bregman hierarchical clustering algorithm is the
adaptation of the hierarchical clustering to the case of
mixtures of exponential families in the context of Bregman
divergences. This algorithm creates a hierarchical mixture

model from an initial mixture of exponential families. This
hierarchical mixture model allows first to quickly compute a
compact version of the initial mixture, and second to
automatically learn the optimal number of components for
the simplified mixture.

Both Bregman hard clustering and Bregman hierarchical
clustering algorithms have been applied to mixture
simplification and clustering based image segmentation.

In this paper, we also have presented MEF.” JMEF is a
cross-platform open source Java™ library designed to
create, process and manage mixtures of exponential
families. This library implements the Bregman soft
clustering, the Bregman hard clustering, and the Bregman
hierarchical clustering. The jMEF library is available
on-line at http://www.lix.polytechnique.fr/ ~nielsen/MEF
and is licensed under a MIT License.
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