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ABSTRACT

Voronoi diagrams are fundamental geometric structures that
partition the space into elementary regions of influence defin-
ing discrete proximity graphs and dually well-shaped De-
launay triangulations [1]. In this video, we explain and il-
lustrate a recent generalization of Voronoi diagrams [3] to
a wide class of distortion measures called Bregman diver-
gences [2].
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1. BREGMAN DIVERGENCES

For any two points p and q of X C R, the Bregman diver-
gence Dr(-|]-) : R — R of p to q associated to a strictly con-

vex and differentiable function F : R* — R (called the gen-

erator function of the divergence) is defined as Dr(p||q) et

F(p) — F(q) — (VF(q),p — q), where VF = [Z£ . 217

dxzq dz
denotes the gradient operator, and (-,-) the inner prodlict.
Informally speaking, Bregman divergence Dp is the tail of
the Taylor expansion of F' (Fig. 1). The Bregman diver-
gence Dr(pl|q) is geometrically measured as the vertical
distance between F'(p) and the hyperplane Hq tangent to
F :z = F(x) at point q: Dr(p|lq) = F(p) — Hq(p). Breg-
man divergences are not necessarily symmetric nor do they
satisfy the triangle inequality.
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Figure 1: Visualizing Bregman divergences.

Bregman divergences admit dual Bregman divergences in-
duced by convex conjugation. The Legendre transforma-
tion makes use of the duality relationship between points
and lines to associate to F' a convex conjugate function
F* : R? — R given by F*(y) = sup,ca{(y,x) = F(x)}.
The supremum is reached at the wunique point where the
gradient of G(x) = (y,x) — F(x) vanishes or, equivalently,
when y = VF(x).

2. ELEMENTS OF BREGMAN GEOMETRY

Because Bregman divergences may not be symmetric, we
first define two types of Bregman balls (and bounding spheres)
as: Br(c,r) = {x € X | Dr(x||c) < r} (first-type), and
By(c,7) ={x € X | Dr(c||x) <} (second-type).

Figure 2: Three-types of Bregman spheres for the
Itakura-Saito divergence (generator: Burg entropy

F(x) = =%, logz;).

Second-type balls may not be convex although first-type
balls are always convex. It is also convenient to symmetrize
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Figure 3: Bregman bisectors: first-type linear bi- Figure 5: Affine Bregman Voronoi diagrams can
sector (red) and second-type curved bisector (blue) be computed as Power diagrams. Illustration for
are displayed for the exponential loss/unnormalized the 2D exponential loss F(pg,py) = expps + €xppy:
Shannon entropy (zoom in to read text please). (a) Affine Bregman Voronoi diagram (all cells non-

empty), and (b) equivalent Power diagram.

the Bregman divergence Sr(p, a) = (D (p|/a)+ Dr (al|p)),

and define a third-type ball B = {x € X | Sr(c,x) < r} (pi, VF(pi))), it =1,...,n. It turns out that the first-type
(Figure 2). It has been shown that the third-type sym- Bregman Voronoi diagram is a power diagram of spheres
metrized Bregman divergence is a “particular” divergence centered at gradient positions VF(p;) for weights r; =
in higher dimensions [3]. Thus we concentrate on the first (VF(pi), VF(p:))+2(F(pi)—(pi, VF(p:))) (possibily imag-
two type structures and define accordingly the Bregman bi- inary radii). See Figure 5 for an illustration for the exp. loss.

sectors: Hp(p,q) = {x € X | Dr(x||p) = Dr(x||q)} and
Hp(p,q) = {x € X |Dr(p|[x) = Dr(ql[x)}. The first-type 4. STATISTICAL VORONOI DIAGRAMS
Bregman bisector is always an hyperplane. The second-type
Bregman bisector, although curved in the primal space, is
linear in the dual gradient space, as displayed in Figure 3.

A statistical space X is an abstract space where coordi-
nates of vector points 8 € X, representing random variables,
encode the parameters of statistical distributions. For exam-
ple, the space X = {[u d]* | (i, ) € R x R} of univariate
3. COMPUTING DIAGRAMS Normal distributions A (i, o) of mean p € R and standard
deviation o € R is a 2D parametric statistical space, exten-
sively studied in information geometry. A prominent class
of distribution families called the exponential families Fr [2]

admits the same canonical probabilistic distribution func-
def

Figure 4 shows a Bregman Voronoi diagram for the Itakura-
Saito divergence. The first-type Bregman Voronoi diagram
is affine and can be computed from the minimization dia-
grams of corresponding set of functions D;(x) = D (x||ps).

Each function D; being an hyperplane of equation: tion p(z(0) = exp{(0,f(x)) — F(0) + C(z)}, where f(x) de-
—(x, VF(p:)) — F(p:) + (pi, VF(p;)), the minimization di- notes the sufficient statistics and 6 € X represents the natu-
agram can be conveniently computed from the intersection ral parameters. Space X is thus called the natur@l parame-
of halfspaces bounded by these hyperplanes (Figure 4). ter space. F(0) = log fx exp{(0,f(x)) + C(x)}dx is referred

Moreover, it is known [1] that any affine Voronoi dia- to as the cumulant function or the log-partition function,
gram is a power diagram in disguise. We find the explicit and C(z) is a depsity n.orrnalization term. It turns out that
equivalence by identifying the respective bisector equations: the Kullback-Leibler divergence (generator F'(z) = zlogu,
(x = VF(pi),x — VF(p:)) = (VF(pi), VF(p:))+2(F(p:)— negative Shannon entropy) of any two distributions of the

same exponential family with respective natural parameters
0, and 0, is obtained from the Bregman divergence induced
by the cumulant function of that family by swapping ar-
guments [3]: KL(0,||0,) = Dr(64||0p). In this video, we
present the Voronoi diagram of univariate Normal distribu-
tions as a special case of Bregman Voronoi diagrams for nat-

ural parameters (z = 25,y = —525) in the lower half-plane,
and cumulant function F(z,y) = —% + 5 log =T
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